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Abstract 
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concept of uniform asymptotic compactness. The required compactness for the exis- 
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1 Introduction 



We consider the following non-autonomous wave equations with nonlinear damping, on a 
bounded domain Q in with smooth boundary: 

uu + h{ut)-Au + f{u)=g{x,t) xGQ (1.1) 

under the boundary condition 

u\dn = 0, (1.2) 

and initial conditions 

u{x,0) = uo{x), ut{x,0) = voix). (1.3) 

Here h is the nonlinear damping function, / is the nonlinearity, and 5 is a given external 
time-dependent forcing. 

Equation (jl.lj) arises as an evolutionary mathematical model in various systems, for ex- 
ample: (i) modeling a continuous Josephson junction with specific h, g and /; (ii) modeling 
a hybrid system of nonlinear waves and nerve conduct; and(iii) modeling a phenomenon in 
quantum mechanics. A relevant physical issue is to investigate the asymptotic dynamical 
behavior of these mathematical models. 

For the special, autonomous case of Hl.l() . i.e., when g does not depend on time t 
explicitly, the solution operator defines a flow or semigroup. The asymptotic behaviors of 
the solutions have been studied extensively by using of the concept of global attractors; 
see, for example, [H H HH HH OH] for the linear damping case, and [H [13 [1111311011301 
for the nonlinear damping case. 

In the general case of non-autonomous system p. 1(1 . the solution operator does not 
define a flow or semigroup, but a process; see Section 2 and Section 5 below. A proper 
extension of the notion of a global attractor for semigroups to the case of processes is 
the so-called uniform attractor (see e.g. j231 (HI ITT|). About the basic concepts of non- 
autonomous dynamical systems, uniform attractors and processes, we refer to |23[ [3 
for more details or see Section 2 below. 

The basic assumptions about nonlinear damping h and nonlinearity / are as follows: 

heC^{M), /i(0) = 0, /i is strictly increasing, (1.4) 



liminf h'{s) > 0, 



\his)\ <Ci(l + |s|^ 



(1.5) 
(1.6) 
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where p G [1, 5); / G C"^(M) and satisfies 



i/'(^)i<c2(i + i.n 



(1.7) 



lim inf 

|s|-+oo 



/(«) 



> -Ai 



(1.8) 



s 



where ^ g ^ 2 and Ai is the first eigenvalue of —A in Hq{^1), and these assumptions are 
similar to that for autonomous system and come from jl2 | [T!1] etc. 

In this paper, we consider the non- autonomous system Hl.l() - H1.3|) via the uniform 
attractors of the corresponding family of processes {Ucr{t,T)}, a G S, especiaUy with: 
(i) the nonhnear damping (i.e., /i is a nonhnear function), (ii) the nonhnearity f{u) has 
critical exponent {q = 2), and (iii) the external forcing g{x,t) is not translation compact 



In Chepyzhov & Vishik^J, for the linear damping case h{v) = kv with a constant 
k > and q < 2 (subcritical), for system Hl.l() - ()1.3() . the authors obtained the existence 
of a bounded uniform absorbing set if g is translation bounded, and the existence of a 
uniformly attractor when g is translation compact (e.g., when g is time-periodic, quasi- 
periodic or almost periodic). Under the assumptions that g and dtg are both in the 
space of bounded continuous functions Cf,(M, -L^(ri)) and h satisfies the growth bounds 
< a ^ h'{s) ^ /3 < cxD for some constants a and /3, Zhou & Wang [IT] have proved the 
existence of kernel sections and obtained the estimation of the Hausdorff dimension of the 
kernel sections. 

For the existence of uniform attractors, as in autonomous case, some kind of com- 
pactness of the family of processes is a key ingredient. The corresponding compactness 
assumption in I^SHHIMI is that the family of processes {f7o-(t, r)}, cr G S has a compact 
uniformly absorbing set. The number q = 2 \s called the critical exponent, since the 
nonhnearity / is not compact in this case, which is an essential difficulty in studying the 
asymptotic behavior even for the autonomous case ^ 01 El El El OH! etc. 

About the case of 1 < p < 5 for the nonlinear damping exponent p, as mentioned 
in Harauxj^, even for the bounded dissipation, it becomes much more difficult when 
g depends on t, and the characterizations of dynamics for this case are unknown to the 
authors. Moreover, the nonhnearity of h also brings some difficulties for us to prove the 
compactness, for example, for the autonomous linearly damped wave equations. Ball j^l 
gives a very nice method to verify the necessary asymptotic compactness, so-called energy 
methods by many other authors, and then this method is generalized and given a general 
abstract framework for its applications by [281 1321 OH] and others to both autonomous and 



in LL(M;L2(17)). 
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non-autonomous cases. However, for our problem, due to the nonhnear damping, it seems 
to be difficult to apply the method of Ball 

The purpose of this paper is to obtain the existence and structure of the compact, in 
the norm topology of Hq x L^, uniform attractor when the external forcing g{x,t) is not 
translation compact in For the existence of uniform attractors, a main 

approach in [Sj^J is by constructing skew product flow on the extend phase space X x S. 
They require that the symbol space has some compactness so that the skew product flow 
has some corresponding compactness, i.e., the concept of translation compact functions 
(e.g., see (HI IIOI lllp. Consequently, the compact uniform attractors are obtained for 
the systems with symbols of compact hulls, and the weakly compact uniform attractors 
for the systems with symbols of weakly compact hulls. However, there are some results 
show that one can obtain the compact uniform attractors for the system with translation 
noncompact external forcing: by generalizing the methods in j3Uj . the authors in j29j 
obtain the existence of an uniform attractor for 2D Navier-Stokes equation in bounded 
domain with a kind of translation noncompact external forcing; in Zelikj^, by use of a 
bootstrap argument together with a sharp use of Gronwall-type lemmas, when h{v) = kv 
and g, dtg G L°°(]R; L'^[Q)), the author obtains some regularity estimates for the solutions 
of (jLlj) . which implies naturally the existence of an uniform attractor; see also the results 
in Chepyzhov & Vishik^. 

Furthermore, we consider the structure of the uniform attractor by investigating the 
kernel sections of a process (see [Hl^J for more details). 

Here, for system (|1.1() - ()1.3() . we further assume that 



where the space L^(R;L^(r2)) of "translation bounded" functions will be defined in the 
beginning of the next section. Roughly speaking, the two conditions ()1.9|) - ()1.1U|) mean 
that the external forcing g is bounded in time and its time-derivative dtg is translation 
bounded. It is clear that a function g satisfies H1.9() and 1)1.10(1 dose not need to be 
translation compact in L^^^(M; L'^{Q)). Moreover, we remark that the technical hypothesis 
(|1.9|) is mainly for the existence of a bounded uniformly absorbing set; see Theorem 15.31 
below or for more details. 

It is interesting to note that if (|1.1U|) is replaced by the assumption that g is translation 
compact (e.g., g is a periodic, quasi-periodic or almost periodic function in Lf^^{R; L^(r2))), 



g{;t)eL°"{R;L\n)) 



(1.9) 



and 




(1.10) 
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then our result on uniform attractors (see Theorem 15.12(1 in Section 5 still holds, but the 
proof can be largely simplified; see ()5.28|) - l|5.29() . Remark 15.111 and Remark 15.131 below. 
At the same time, the method in j29j can not be applied to our problem as ()1.1() is a 
hyperbolic type of equation, and the decomposition & regularization method in [Sj EHl 
appear also not applicable here due to the nonlinearity of h. 

This paper is organized as follows. After introducing some basic materials in Section 

2, we first present a criterion for the existence of a compact uniform attractor in Section 

3, using the concept of uniform asymptotic compactness (different from the corresponding 
concept in jHl^B) which is introduced by Moise et al in [22] for the family of semi-processes. 
We apply this concept to the family of processes; see Definition 13.11 and Theorem 13.41 
Then, we investigate the structure of the uniform attractor via kernel sections of a process. 
In fact, we present results on uniform attractors and their decompositions into kernel 
sections for norm-to-weak continuous processes (see Definition 13.51 Theorem 13.81 and 
Theorem I3.1U|) . Note that the norm-to-weak continuity here is weaker than the usual 
norm-to-norm and weak-to-weak continuities j4Uj . 

In Section 4, partially inspired by the results in ^l^lEll^ETj, we present a simple 
method for verifying the uniform asymptotic compactness for processes generated by wave 
type evolutionary equations like ()1.1() : see T/ieorem 14. 21 

Finally, in Section 5, as applications to concrete wave type evolutionary equations, we 
first prove the existence of compactly uniform (w.r.t o" G S) attractors when the external 
forcing go = ao satisfies (|1.9p and (|1.1U|1 ; see Theorem I5.12t then by verifying the norm- 
to-weak continuity we show that the uniform attractor w.r.t. initial time r of a process 
{C/o-Q (t, r)} coincides with the uniform attractor w.r.t. symbol o" E S' when the external 
forcing go = ctq ^ Ty^'°°(R; L'^(J7)); we further decompose this uniform attractor into 
kernel sections; see Lemma 15. 161 and Theorem \5.ni 

2 Preliminaries 

In this section, we recall some basic concepts about non-autonomous systems. We refer 
to |23[ El ^2 and the references therein for more details. 

Space of translation bounded functions in L[|^^(M; L^{Q)), with r,k ^ 1: 



■t+i 



(. 




g{x,t-^ s)\ 



^dx ) ds < oo}; 



tgR Jt 
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Space of translation compact functions in L^q^(M; L^(r2)): 
Ll{R;L^{n)) = 1^ G Lf^^(R;L^{n)) : For any interval [h,t2] C M, 

{g{x, h + s) : /i G M}| [ti, ^2] is precompact in L'^{ti,t2; L^(r2))|. 
Let X be a complete metric space and S be a parameter set. 

The operators {Ua{t,T)},a £ S are said to be a family of processes in X with symbol 
space S if for any a £ T, 

U^{t,s)oU^{s,T) = U^{t,T), Vt^Or, tGM, (2.1) 

Ua{T,T) = Id {identity), V r G M. (2.2) 

Let {T(s)}s^o be the translation semigroup on S, we say that a family of processes 
{Ua{t,T)}, 0" G S satisfies the translation identity if 

U^{t + S,T + S) = UT(s)a{t,T), V (7 G S, i ^ T, T G R, S ^ 0, (2.3) 

T(s)S = S, V s ^ 0. (2.4) 

By B{X) we denote the collection of the bounded sets of X, and = {t £ R, t ^ r}. 

Definition 2.1. Ill}/ A bounded set Bq G B{X) is said to be a bounded uniformly 
(w.r.t. a £ Ti) absorbing set for {Ua{t,T)},a G S if for any r G M and B G B{X) there 
exists Tq = Tq{B,t) such that Uo-eS ^o-(i;''")i? C Bq for all t ^ Tq. 

Definition 2.2. A set A C X is said to be uniformly (w.r.t a gT,) attracting for 
the family of processes {Ua{t,T)},a G S if for any fixed r G M and any B G 13{X) 

lim ( sup dist{U^{t;T)B; A)] =0, 

here dist{-,-) is the usual Hausdorff semidistance in X between two sets. 

In particular, a closed uniformly attracting set s^y, is said to be the uniform (w.r.t. 
(7 G attractor of the family of processes {f/(j(t, t)}, a G S if it is contained in any closed 
uniformly attracting set (minimality property). 

Obviously, if the uniform (w.r.t. o" G S) attractor exists, it is unique. 
In order to obtain the structure as well as the existence of the uniform attractor, under 
the condition H2.3() - (|2.4|) . the authors in construct the skew product flow in X x S: 

S{t){u,a) = {Uait,0)u,T{t)a), t ^ 0, {u,a) £ X x T., (2.5) 

and {S{t)}t^o forms a semigroup on X x S. 
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3 Abstract results 



3.1 Existence of the uniform attractor 

In this subsection, we present a criterion for the existence of compact uniform attractor 
using the concept of uniform (w.r.t. cr G S) asymptotical compactness, which is different 
from the corresponding concept in 0^2, and it is introduced in Moise et al [S2] for a 
family of semi-processes. Now, we use this concept to the family of processes. 

Definition 3.1. A family of processes {Uij{t,T)} , a & T, on a complete metric 
space X is said to be uniformly (w.r.t. a £ T,) asymptotically compact, if and only if for 
any fixed r G M, bounded sequence {un}^=i C X, {an}^=i C S and any {tn}^=i C W 
with t,i — > oo as n ^ oo, sequence {Ua„{tn, T)un}^=i ^-^ precompact in X. 

Similarly, define the uniform w— limit set of i? C X at initial time r by 

uJr,j:{B) = f]\J\JU^{s,T)B, (3.1) 

t^T o-es s^t 

where A means the closure of A in X. 

Then, we have the following characterizations for the uniform a;— limit set, see |111I32| . 

Proposition 3.2. For any bounded set B C B{X), u G i^T.T.{B) if and only if there 
exist {un^'^^i C B, {cr„}J^]^ C S and {tn}$^Li ^ t„ ^ oo as n ^ oo such that 

Ucr„itn, T)Un ^ U. 

In the following, similar to 29: , we give some characterizations for the uniform (w.r.t. 
(7 G S) asymptotically compact processes. 

Lemma 3.3. Let {Ua{t,T)} , a € T, be a family of uniform (w.r.t. a € T,) asymp- 
totically compact processes on a complete metric space X , then for any r G M and any 
nonempty set B G B{X), we have 

(i) uJt^t.{B) is nonempty and compact in X; 

(a) lim svL\} dist{Ua {t,T) B,uJt-y,[B)) = {); 

(Hi) ifY is closed and uniform (w.r.t. o" G attracts B, then uJt-^y.{B) C Y ; 
furthermore, if {Uij{t,T)} , a £ T, satisfies the translation identity (|2.3() - H2.4() . then 

(iv) uJt-^y.{B) = uJo^Y.{B), that is, u!t,t.[B) is independent of t £W. 
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Proof, (i) For any fixed r G M, then for any t„ G M"^, tn — CTn € 5] and 
Xfi € B, by the definition of uniform (w.r.t. o" G S) asymptotic compactness we know that 
{Ua„{tn, T)xn}^=i is precompact in X, without loss of generality, we assume that 

UaAtn, T)Xn ^ V- 

Then by the definition of a;— limit set we know that y G uJr,-s{B), which implies that 
uJr,'E{B) is nonempty. 

For any G uJr,'s{B), m = 1, 2, • • • , we will show that {ym}m=i '^^ precompact in X. 
By the definition, for each m G N, there exist G M"^, ^ m, (7^ G S and Xm & B such 
that 

p{^(Tm{^'mi T^^mi ym) ^ j 

m 

where p{-, •) is the metric on X. 

Therefore, by the assumption of uniform (w.r.t. a G S) asymptotic compactness again, 
we have {Ua^ {tm, 'T)xm}m=i is precompact in X, and without loss of generality, we assume 
that {Ua^{tm, T)xm}'^=i IS a Cauchy sequence in X. Then, from 

PiVn, ym) 

^ P{yn, Ua„{tn, T)Xn) + p{Ua„{tn, r)Xn, U^^itm, T)Xm) + p{Ua^{tm, r)Xm, ym) 
^ - + p{Ua^{tn, T)Xn, Ua^{tm, T)Xm) + — , 

n m 

we know that {ym}m=i is also a Cauchy sequence in X. Moreover, from the definition we 
obviously have that U!r,-E{B) is closed in X. 
Hence, U!r,-E{B) is compact in X. 

(ii) If (ii) is not true, then there exist Eq > 0, (Tfi G S, Xfi G B and tji G with ^ n, 
such that 

dist(C/o-„(in, r)xn, uJrM^)) ^ ^0 n = 1, 2, • • • . 

However, the uniform (w.r.t. cr G S) asymptotic compactness implies that {C/(T„(in) ''")a^n}^ 
is precompact in X, that is, {Ua„{tn, r)x„}^i has a convergent subsequence which con- 
verges to some point of Ur^siB). This is a contradiction. 

(iii) y y e U!r,-E{B). Then there are (7„ G S, x„ G S and tn G M7 with f„ — oo such 
that Ua„(tn, T)xn — ^ y- From the assumption that Y uniform attracts B, obviously, we 
have 

dist(C/cr„(in, T)Xn, Y) ^ SS U ^ OO. 

At the same time, the closeness of Y implies y &Y. Hence, uJt-,t,{B) C Y . 
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(iv) For any fixed r S M and o" G S, from the translation identity ()2.3|) we know (e.g., 
see |291 132j ) that for any tq G M there is a u' G S such that 

Ua{t,T) = Ua'{t - T + To,To), V t ^ T. 

Combining with (|2.4j) . we have that for any t ^ t, 

\J \Ju^{s,t)B= \J \Ju^{s-t,0)B. 

Therefore, we have 



Theorem 3.4. Let X he a complete metric space, {C/(j(t,T)}, ex G S 6e a family of 
processes on X and satisfies the translation identity ()2.3() - (|2.4() . Then, {C/o-(t,r)}, cr G S 
has a compactly uniform (w.r.t. o" G attractor s^y, in X and satisfies 

= C^O,S (5o) = '^r.S (^O) = U ^^r,E {B) , V T G M, 

B&B{X) 

if and only if {Ua{t,T)} , cr G S 

i) has a bounded uniformly (w.r.t. a £T,) absorbing set Bq; 
ii) is uniformly (w.r.t. a GT,) asymptotically compact. 

Proof. The necessity follows from the definition of uniform (w.r.t o" G S) attractor 
and the compactness of 

Now we prove the sufficiency. For any fixed r G M and any B G B{X). We know that 
there is a T = T(r, B) such that 

U U U^{t,T)BcBo. 

Combining with the equivalent characterization, Proposition 13.21 of a;— limit set and 
Lemma 13.31 we have 

Wr,E (B) C UJr,j: (So) = Wo,S (^o) , (3.2) 

and Wr,s(-B), of course, a;o,E (Bq) uniform (w.r.t. o" G S) attracts B. 

Moreover, ()3.2() implies that U_BeZ?(x) "^t-S {B) C wo,s (Bq), and from i?o G 13{X) we 
obtain UBeB{x) ^t,s (-B) = u;o,e (-Bq). 

The minimality and closeness follows immediately from (iii) of Lemma 13.31 and the 
compactness follows from (i) of Lemma 13.31 I 



3.2 Structure of the uniform attractor 

We describe the structure of the uniform attractor by means of its kernel sections. 

Hereafter, we assume that X is a Banach space with norm || • ||x and S is a complete 
metric space with metric d{-, •). 

Let {U(t,T)\t ^ T, r G M} = {U{t,T)} be a process acting in a Banach space X, and 
let K, be the kernel of the process {f/(t,r)}. We recall (e.g., see that the kernel /C 
consists of all bounded complete trajectories of the process, i.e.. 



As mentioned in since the invariance of the global attractor of a semigroup is 
replaced by the minimality in the definition of the uniform attractor of a family of pro- 
cesses, the existence of uniform attractor dose not need any continuity for the processes. 
However, in order to obtain the structure of the uniform attractor, the continuity maybe 
necessary to some extend. 

3.2.1 Norm-to-weak continuous processes 

In [Hl^J, in order to obtain the structure of the uniform attractor, the authors assume 
that the family of processes {C/o-(t,r)}, u G S is (X x E, X)— continuous, see Theorem 5.1 
in Chapter IV of [11]. 

Now, as noticed in [lU], in order to obtain the invariance of the global attractor of a 
semigroup for an autonomous system, we only need the norm-to-weak continuity. In this 
part, we will generalize these results to non-autonomous systems. 

Definition 3.5. A family of processes {Ua{t,T)} , a & Ti is said to be norm-to-weak 
continuous, if for any fixed t and r G M with t^T, for any {x„} C X and {ct„} C S, we 
have 



For convenience, we also use the following notations: 

Definition 3.6. A semigroup {S'(t)}t^o-' X xTi ^ X xY^ is to he called skew produc- 
tively norm-to-weak continuous, if for any fixed t ^ 0, for any {x„} C X and {dn} C S, 



JC = {n(-) ^ Cu, U{t,T)u{T) = u{t), yf^T, r G M} 



and /C(s) denotes the kernel section at a time moment s G M: 



lC{s) = {u{s) \u{-) £ IC}, }C{s)cX. 




Ua{t, t)x weakly in X. 
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we have 

ni5(t)(x„, a„) ni5(t)(x, a), 
U2S{t){Xn, an) ^ U2S{t){x, a) 

provided that x„ x and an — > c, where Hi and II2 are the canonical projector from 
X X T, to X and respectively. Denoted such continuity by 

S{t){Xn, CTn) S{t){x, a). 

Following from the definition of skew productively nor m-to- weak continuous semigroup, 
we have the following result. 

Proposition 3.7. Let {Ua{t,T)} , a & T, be a family norm-to-weak continuous processes 
in X, and the translation semigroup {T(t)}(^o continuous (w.r.t. the metric d{-, ■)) in 
S. Then, the semigroup {S{t)}t^Q corresponding to {{7o-(t, r)}, a £ T,, defined by (|2.5|) 
and acting on X x T,, is skew productively norm-to-weak continuous. 

3.2.2 Kernel sections of the uniform attractor 

Theorem 3.8. Let X be a Banach space and T, be a compact metric space. Assume 
that a family of processes {Ua{t,T)} , a £ T, satisfies the translation identity (|2.3() - (|2.4|1 . 
as well as the following conditions: 

(i) The translation semigroup {T{t)}t^Q is continuous on E; 
(ii) {C/cr(t, t)}, cj € S is norm-to-weak continuous on X; 

(Hi) {C/o-(i, 7")}, f G S has a bounded uniformly (w.r.t. cj G absorbing set Bq in X; 
(iv) {Urj(t.,T)}^a £ T, is uniform (w.r.t. a £ T,) asymptotically compact in X. 
Then, {Ua{t,T)},a £ S has a uniform (w.r.t. a £T,) attractor satisfying 

=c/s = wo,s(5o) = U fCais), y s£R, (3.3) 

ctGS 

where /Co-(s) is the section at t = s of the kernel /Co- of the process {Ua{t, r)} with symbol 
a. 

Proof. From the assumptions (iii), (iv) and Theorem Vd.il we know that the family of 
processes {Ua{t,T)}, a £ T, has a compactly uniform (w.r.t. cr G S) attractor which 
satisfies 

= wo,s(5o)- 
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In order to prove the structure ()3.3() . we will construct skew product flow on X x S. 
We will complete the proof by three steps. 

Step 1. Constructing skew product flow {S{t)}t^Q on X x T,: 

S{t){u,a) = {Uait,0)u,T{t)a), t ^ 0, {u,a)eXxj:. (3.4) 

Then follows from (|2.3() and Proposition 13.71 we have that {S{t)}t^Q forms a skew 
productively norm-to-weak continuous semigroup on X x S. 
Define the a;— limit set of {S{t)}t^Q by 

^ = uj{Bo X S) = U S{s){Bo X S), 

where A denotes the closure of A in X x T,. Then we have the following equivalent 
characterization: 

{x, a) £ if and only if there exist x„ G i?0) £ 5] and t„ ^ with t„ ^ cx), 

such that S{tn){xn, (Tn) —> (x, cr) as n —> oo in X X S. (3.5) 

Step 2. From the assumptions that S is a compact metric space and conditions (iii) 
and (iv) we have that is nonempty, compact in X x S, and attracts every bounded 
subset of X X S under the topology of X x S. In order to show that is a global attractor 
of {S{t)}t^o in X X S, we need to show the invariance of £/, that is, we need to prove 

For any (x, a) £ £/ and t ^ 0. From 1)3. 5() we know that there exist x„ G Bq, (7„ E S 
and ^ 0, t„ ^ oo such that S{tn){xn, cFn) {x, a). Since tn — > oo, without loss of 
generality, we assume that tn ^ t for each n (at most by passing subsequence) . Then from 
1)3. 4|1 we have 

S{tn - t){Xn, (In) = {Ua^{tn - t, 0)x„, T{tn - t)an). 

Noticing that C Bq and tn — t oo, then by the assumption (iv), we know 

that there is a convergent subsequence of {U^^i^tn — t, 0)xn}, without loss of generality, 
we also assume that Ua„(tn — t, 0)xn — > y for some y e X as n ^ oo. At the same 
time, by the assumption that S is a compact metric space, without loss of generality, 
we can also assume that T(t„ — t)an ctq for some ao £ T, as n ^ oo. Consequently, 
S{tn — t){xn, CTn) {v, (7q) as n — > OO. Then from the definition we have that (y, ao) £ £/. 
Moreover, from the skew productively norm-to-weak continuity of {S{t)}t:^Q, we have 

(x, a) ^ S{tn)iXn, CTn) = S{t)S{tn - t){Xn, (Tn) S{t){y, fJo). 
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Following the uniqueness of limits, we have {x,a) = S{t){y, uo), i.e., £/ C S{t).<2/. 
Similarly, we can prove S{t)£/ C Therefore, is the global attractor of {5'(t)}f^o 
and we have 

■s/ = {7(0) I 7(-) is a bounded complete trajectory of {'S'(t)}tj.o}- 

Step 3. Based on Step 1 and Step 2, similar to what done in Chepyzhov & Vishik [jllj. 
Theorem 5.1, Chapter IV], we can prove that i/s = Hii?/ = Uo-£S^o-('5) ^"^^ 112^2/ = S. 
■ 

In practical applications, S would be the completion of a dense subset So(C S) with 
respect to some metric d{-, •), and maybe different for different metrics. For example, 
5^0 = {5o('5 + h,x)\ /i G M} for some function gQ{s^x) belong to a special function space, 
and S can be chosen according to our concrete problem. 

If the family of processes {C/o-(t, r)}, cr e Sq satisfies also the translation identity 1)2. cij) - 
(|2.4|) . then, Chepyzhov &; Vishik proved in [^l^J that the uniform (w.r.t r G M) attractor 
of a process {C/CT„(t, r)}, r G M coincides with the uniform (w.r.t. a £ Sq) attractor for 
the family of processes {Ua{t, t)},o" € Sq. 

Similar to |111 129j . the following results give a method to obtain the structure of the 
uniform (w.r.t r G R) attractor of a process {[/o-q (t, r)}, r G M via the structure of the 
uniform (w.r.t. a G Sq) attractor for the family of processes {Ua{t, t)},(T G Sq- 

Since our processes are norm-to-weak continuity, we first give a simple lemma about 
metrizable. We recall (e.g., see Diestel^Tj) P- 1^) t^i^t a set F C X* is called total if 
/(x) = for each f £ F implies x = 0. 

Lemma 3.9. If K is a (relatively) weakly compact subset in a Banach space X and K 
is countable, then x^"^""^ is metrizable, where 'x^^"'^ means the weak closure of K in X. 

Proof. Denote Y = span{K}. 

From the convexity of span{K} we know Y is weakly closed in X. Therefore, K = 
Kr\Y \s (relatively) weakly compact in the separable Banach space Y . Since the dual of a 
separable Banach space contains a countable total set, we know that 'J^'^"'^ \^ metrizable 
in y, and from that y is a closed subspace of X we get 'j^'^"'^ metrizable in X. ■ 

Theorem 3.10. Let be a parameter set, T, is a completion of T,q with respect to 
some metric d{-, ■), and the translation semigroup {T{t)}t:^Q satisfies also the translation 
identity ()2.3() - (l2.4() on Sq. Furthermore, assume that the family of processes {Ua{t, r)}, cr G 
S satisfies all of the assumptions in Theorem \3.8[ Then, both families of processes 
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{Uij{t, T)},a G T, and ex G Sq have compactly uniform (w.r.t. a G S and o" G Sq 
spectively) attractors s^y. md s^y^q respectively, moreover, 

o-GS 

Proof. The existence is a immediate consequence of Theorem 13.81 and obviously, we 
have 

M]o C M] = wo,s(5o) = U /C^(s), V s G M. 

o-gS 

Now we prove wo,So(-So) = ^0,^(^0). For any y G wo,s(-Bo), from Provosition \'6.2l we 
know that there exist Xn & Bq, tn ^ 00 and G S such that 

t^<T„(in,0)2;„ ^ y asn^oo. (3.6) 

On the other hand, from the assumption that S is the completion of Sq we know that 
there exists {cim^} C So satisfies cJm^ -^^ 0"^ as m — > 00 for each n G N. Therefore, due to 
the norm-to-weak continuity of the family of processes {Uo-{t, r)}, a G S, we have 

U (n){tn,0)Xn ^ Ua„itn,0)Xn aS m ^ OO (3.7) 

for each n G N. Denote K = {U {n){tn,0)xn \n,m G N}, then K is countable and thanks 
to the condition (iv) of Theorem 13.81 we know K is also relatively weakly compact in X. 
Consequently, from Lemma 13.91 we have that 'j^^"''^ jg metrizable. 

Hence, combining 1)3.61) and ()3.7() . we can obtain that there exist o"^ G for each 
n G N such that 

U(t'^ {tn, 0)xn ^ y in X as n ^ oo. 

Then noticing the uniform asymptotic compactness again and the uniqueness of limits, we 
have y G wo,So(-Bo)- ■ 

4 A criterion for verifying the uniform asymptotic compact- 
ness 

In this section, we present a technical method to verify the uniform asymptotic compact- 
ness (given in Definition 3.1) for the family of processes generated by non-autonomous 
hyperbolic type of evolutionary equations. This criterion is partially motivated by the 
methods in ^1 ^1 I^H EH for autonomous systems. Here, the following results and 
proof are similar to that in j37j for autonomous cases. 
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Definition 4.1. Let X be a Banach space and B be a bounded subset of X, T, be a 
symbol (or parameter) space. We call a function </>(•,•; •,•), defined on {X x X) x (S x S), 
to be a contractive function on B x B if for any sequence {xn}'^=i C B and any C S, 
there is a subsequence {xn^}^=i C {xn}^=i and {o'nk}^=i Wn}^=i such that 

lim lim x^,; fT„^,, cj„,) = 0. 

We denote the set of all contractive functions on B x B by (t{B, S). 

Theorem 4.2. Let {Ua{t,T)} , cr G S be a family of processes satisfies the translation 
identity (|'2.3|) - (|'2.4() on Banach space X and has a bounded uniformly (w.r.t. a £ Ti) 
absorbing set Bq C X. Moreover, assume that for any e > there exist T = T{Bq, e) and 
4>T £ ^{Bq, S) such that 

\\UaiiT,0)x - Ua2{T,0)y\\ ^ e + (j)T{x,y;ai,a2), V x, y e Bq, V di, a2 G S. 

Then {Ua{t,T)} , a £ T, is uniformly (w.r.t. a gT,) asymptotically compact in X. 

Proof. For any fixed r G R, let {xn}^=i be a bounded sequence of X, (T„ G S and 
tn ^ T satisfy t„ — > oo as n ^ oo. We need to sliow tliat 

{Ua„{tn, T)xn}'^=i precompact in X. 

Thanks to tlie translation identity (|2.3() - H2.4|) . we know that for any fixed r G M and 
cr G S we can find a' £ T, such that 

U^>{t + T,T)x = Ua{t,0)x, for all t ^ and X G X (4.1) 

Therefore, we only need to show that {Ua„{tn,0)xn}'^=i is precompact in X. 

In the following, we will prove that {Ua„{tn,0)xn}'^=i has a Cauchy subsequence via 
a diagonal method. 

Taking > with — *■ as m — > oo. 

At first, for ei, by the assumptions, there exist Ti = Ti(ei) and G <t{BQ,T,) such 
that 

||C/o-i (Ti, 0)x — U(^^{Ti,0)y\\ ^ ei + </>i(x, y; (Ti, (72) for all x,y £ Bq and ai,a2 G S. (4.2) 

Since t„ — ^ 00, for such fixed Ti, without loss of generality, we assume that tn ^ Ti is 
so large that Ua„{tn — Ti,0)xn G Bq for each n G N. 

Similar to (|4.1jl . for each n G N, there is a o"^ G S such that 

[/,;(ri,o) = c/,„(t„,t„-ri). (4.3) 
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Let Un = Ua„{tn — Ti,0)x„, then from H4.2() and H4.3|) we have 

\\Ua„{tn,0)Xn - U„^{tm, 0)Xm\\ 

= \\U„„{tn,tn - Ti)Ua„itn - Ti,0)Xn - Ua^itm,tm - Ti)Ua„{tm - ri,0)Xm|| 
= \\UcTn{tn,tn - Ti)yn - U„^{tm,tm " Ti)ym\\ 

= \\U„'„iTi,0)yn-U^'jTi,0)y^\\ 

)• (4.4) 

Due to the definition of G!(i?o,S) and (pi £ G!(i?o,S), we know that {yn}'^=i has a 
subsequence {yn^}'^i and {a'^}^^^ has a subsequence {0"^^^}^-^ such that 

Mm lim <Ai {yS , ; , ) ^ I ■ (4.5) 
And similar to the autonomous cases, e.g., see jSlEZI, we have 

+ limsuplimsup||[/ 0)x« - U mit^^^, 0)x«|| 

+ ^1 + lim lim 

which, combining with (|4.4p and (|4.5p . imphes that 

lim sup||[/^(i) 0)x« - C/^(i)(tS, 0)x«|| ^ 4ei. 

Therefore, there is a Ki such that 

r„(i)(4l\ 0)x« - t/^(i)(tS), 0)x«|| ^ 5ei V A;,/ ^ K^. 



By induction, we obtain that, for each m ^ 1, there is a subsequence {[/ (m+i) {t^n^~^^\ 0)xi™^^^}?^-, 
of {[/ (m) (ti™\ 0)xra™''}^;^ and certain K^+i such that 

Now, we consider the diagonal subsequence {U {,k){tnl, 0)xi^j,-*}2^i . Since for each 
m G N, {[/ (k){tn^, Q)xnk]'kLm ^ subsequcuce of {[/ (m) (ti™\ 0)xi™^}?^,, then, 
0)xW - f/^(o(tS, 0)xg|| ^ 5e„ V A:,/ ^ max{m,i^„}, 

which, combining with — > as m — > cxd, implies that {U (k) {tuk, 0)xni^}'^ is a Cauchy 
sequence in X. This shows that {Ua„{tn,0)xn}'^=i is precompact in X. ■ 
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5 Application to wave equation 
5.1 Mathematical setting 

Similar to the autonomous cases (e.g., see |13p. applying the Galerkin approximation 
method, we have the following existence and uniqueness results (e.g., see jmH7j)j and 
the time-dependent terms make no essential complications. 

Theorem 5.1. Let Q be a bounded domain o/M'^ with smooth boundary, h and f satisfy 
JElll-jrHl), and g G L°°(M; L^{n)). Then the non- autonomous initial-boundary value 
problem has an unique solution u(t) satisfying {u(t), ut{t)) G C(M'^; Hq{^}) x 

L^i^l)) and duu{t) £ ^^^^(M^; H^^^Q)) for any initial data (ti°^, u^^) £ H^{n) x L^{n). 

We use the notations as in Chepyzhov & VishikfTT]: Let y{t) = (n(t), ut{t)), yr = 
{u^'^ , u^'^) and X = Hq(Q) x L^(f]) with finite energy norm 

Il2/lk = {||Vuf + |nt|2}i 

Let A„(^f^{u,v) = {v,Au — f{u) — h{v) + o-{t)). Then the non-autonomous system 
(|l.l|) - p.3jl can be rewritten in the operator form 

dty = A^l^t){y), y\t^^ = y^, (5.1) 

where a{s) = g{x, s) is symbol of equation (|5.1j) . 

We now define the symbol space for (|5.1|) . Taking a fixed symbol o-q{s) = go{x,s), 
go G L^{R; L'^{n)) n W^'^^iR; L^(0)). Set 

T.o = {go{x,t + h)\ heR} (5.2) 

and 

S be the *-weakly closure of Sq in L°°(]R; L^{n)) n W^'^^iR; L^(S7)). (5.3) 
Then we have the following simple properties. 
Proposition 5.2. 

(i) S is bounded in L~(M; L'^i^)) D W^'''{R; L''{n)), and for any a G S, the following 
estimate holds 

\\^\\L°°iR;L'2(n))nW^'''(R;L^in)) ^ ll5'ollL°°{R;L2(C))nWj'''(R;L'-(n))' 

(ii) The translation semigroup {T{h)\h ^ 0} acting on S is invariant in S, that is 

r(/i)S = S for ah h G M+. 
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Thus, from Theorem \5.1l we know that (|1.1|) - (|1.3() is well posed for all a{s) G S and 
generates a family of processes {Ua{t,T)},a G S given by the formula Ua{t,T)y'^ = y{t), 
where y{t) is the solution of ((rT|) - (frH|) . and {C/^(t, r)}, a G S satisfies (EIIJ-(EI2I- At the 
same time, by the unique solvability, we know {Ua{t,T)},a G S satisfies the translation 
identity (lOl) . 

In what follows, we denote by {Uf^{t,T)},a G S the family of processes generated by 

(E31)-(EI31)- 

5.2 Bounded uniformly (w.r.t. cr G S) absorbing set 

We begin with the following result on the existence of bounded uniformly (w.r.t. a G S) 
absorbing set. Its proof is essentially established in Haraux[^. and for reader's conve- 
nience, we replicate it here and only make a few minor changes for our problem. 

Theorem 5.3. Under the assumptions of Theorem \5.1l the family of processes {Ua{t, t)}, 
o" G S corresponding to ()5.1|) has a bounded (in X) uniformly (w.r.t. a £ T,) absorbing 
set Bq, i.e., there exists a positive constant p, which depends on \\go\\L°°{R;L^{n)) o,nd the 
coefficients in ()1.6() - (|1.8() . such that for any bounded subset B C X and any r G M, there 
is a T = T{B) such that for any t — T^T,a£T, and {u^'^ , u^'^) G B, 

||[7,(t, T)(nO-, u^-)\\x^p. 

Proof. Since {Ua{t, r)}, a G S satisfies the translation identity, we only need to prove 
Theorem 15.31 for the cases r = 0. Moreover, from the definition of S we know that for all 
a G S, 

lkllL°°{M;L2(n)) ^ ll5'o||L°°(R;L2{n))- 

Hence, without loss of generality, in the remainder of proof, we will not point out the 
difference of symbols and will denote different a by g. 
For any e ^ 0, we set 

Eeit) = ^\\u{t)f + ^\ut{t)\^ + J^F{u{x))dx + e{ut{t),u{t)). (5.4) 

Then we have E^{t) EQ{t) as e — > 0. Moreover there exist Cq, Ci ^ such that 

^(\\u{t)f + \ut{t)\')-C,^Eo{t). (5.5) 

By differentiating 1)5. 4|) with time t, we obtain that 

^(Eeit)) ={utt - Au,ut) + {f{u),ut{t))+£\utit)\'^ + e{uuit),ut{t)) 
dt 

={g,ut) - {h{ut),ut) + e\ut{t)\'^ - £\\u\\'^ - e{f{u),u) + e{g,u) - £{h{ut),u). 
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It is obviously that H1.5|) implies that 

{h{ut),ut) ^ a|MtP - C2IOI, 

and from (|1.7j) and (|1.8j) we know that there are Xi > 6 > and C > such that 

(/(u),m) ^(5 /" F(u)(ix-C. 
Jn 

Hence we get the following inequality 

EUt) ^{2e - - |||n(t)f - e5 jj{u)dx 

- ]^{h{ut),ut)+e\\u{t)\\\\h{ut{t))\\H~^+C, 

where C depends on ||5llL-(R,L2(n))- 

On the other hand, from (|1.4j) - (|l.(i|) we have (e.g., see the Lemma in [221) that there 
is a constant K such that 

\\h{v)\\H-^ s: K{1 + for all v G i?o(rj). 

Denote 

w{t)^l + {h{ut{t)),ut{t))i>^)- 
Then, by taking e small enough, we obtain that, for all t ^ 0, 

E[{t) ^ -jeEsit) + {Ke\\u{t)\\ - l/2)w{t) + C 

^ -jeEeit) + (Ne^/E^ - l/2)w{t) + C, (5.6) 

where N,C > depending only on /, g, h and 0, (not on the initial data) and 7 > 0. 
Now choose e > so small that 

Then, 

^.(t)<(^)', Vt^O. (5.7) 

If (|EZ1) is not true, let to = inf{t ^ 0,Es{t) ^ (2^)^}, then Es{to) = (2^)'^ ^'^^ 
all t G [0,to]! we have 

Ee{t) < {^/. (5.8) 
Therefore, from H5.6|l and H5.8|l we can obtain that 
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This is a contradiction and means that 1)5 .71) is indeed satisfies. 

Combining ()5.6|) and ()5.7|) . by use of the uniform Gronwah lemma, we obtain that 

76 

Finahy, we notice that for every bounded set B C X, assume the bounds of B (in X) 
is E{> 0), then by taking 1/e = AN^/E we can obtain (^2N£)'^ ~ je ^ ^ large 

enough. It follows that there exist M > (independent of the initial data) and T = T(B) 
such that 

Eo{t) ^ M(l + v/^o(0)) for alH ^ T and (n°^, u^^) G B. (5.9) 

Without loss of generality, assume M > 1, then from 1)5. 9() we have that for any 
bounded set B C X, there is a T = T{B) such that 

Eo{t) ^ + 1 for alH ^ T and (n°^, u^^) E 

Combining with (|5.5j) we know that T/ieorem ESI is true. I 

5.3 Uniform (w.r.t. cr G S) asymptotic compactness 

The main result in this subsection is summarized in the following theorem. 

Theorem 5.4. Let Q be a bounded domain in with smooth boundary, and h and 
f satisfy If go G L°°(M; L^{n)) n W^'^^iR; L''{n)) and S is defined by (fOll . 

then the family of processes {Ua{t,T)} , o" G S corresponding to (|5.1() or (jl.lj) . is uniformly 
(w.r.t. o" G asymptotically compact in Hq{Q) x L^($7). 

Hereafter, we always assume that the hypotheses of T/ieorem 15. II hold and denote by 
Bo the bounded uniformly absorbing set obtained in Theorem 15.31 

5.3.1 Preliminaries 

Note that condition H1.6() implies that 

\his)\"^ ^C{l + \s\), 

therefore, we have 

\h{s)\^ = \h{s)\p ■ \h{s)\ < C(l + \s\)\h{s)\ ^ C\h{s)\ + C/i(s) • s. 
Combining Young inequality and 1)1.4(1 we obtain that 

|/i(s)|^ ^C(l + /i(s)-s) for ah sGM, (5.10) 



20 



where the constant C is independent of s. And from (|1.4I) and ()1.5|) . we have also that 

CI 

—s^i^h{s)s + C forallsGM. (5.11) 

Moreover, we recah the following result. 

Lemma 5.5. li.^ \24\ Let h satisfy (|1.4|) and (|1.5|) . Then for any 5 > there exists 
a constant Cs, depending on 5, such that 

\u — v\^ ^ 6 + Cs{h{u) — h{v)){u — v) for any u, f G R. 

Proposition 5.6. Let Si eR {i = 1,2,- ■ ■) and g G L°°(M; L'^{0,)). Then there exists 
M > such that 

\\g{x, Si + t)||L2(Q) ^ M for all t £M\A and all i = 1,2, ■■ ■ , 

where A C M with mes(A) = in M. 

Proof. Since g G L^(i7)), we know that there is an M > such that for each 

\\g{x, t + s.)llL2(f7) ^ M for alH G M \ A„ 

where mes(Ai) = in R. 

Then Provosition 15.61 follows immediately by taking A = IJi^i ' 

Applying Proposition 7.1 of Robinson and Proposition 15. (il above we can deduce 
the following results immediately: 

Proposition 5.7. Let g G L°°(R; L'^{VL)) n Wl'''{W; L''{VL)){r > |). Then there is an 
M > such that 

sup \\g{x, t + s)||/,2(f^) ^ M for all s G R. 



Proposition 5.8. Let Si £ R {i = 1,2, ■) andgeL'^iR; L'^{Q))nW^''' {R; L^(0))(r > 
). Then there exists M > such that for any w G W^^^{R; L^(0)) and any T > 0, 



Js Jn 



{g{x, T + Si) — g{x, T + Sj))wt{T)dxdTds\ 

^2TM\\w{T)\\l2(^^) + 2MT^ (^j^ j \w{s)\^dxds^ 

+ T / \{gt(x,s + Si) - gt{x,s + Sj))w{s)\dxds 
Jo Jn 



for all i,j = 1,2, 
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Proof. Since 



{g{x,t + Si) - g{x, t + Sj))wt{t) 

= ^((9{x, t + Si) - g{x, t + Sj))w{t)) - {gt{x, t + Si) - gt{x, t + Sj))w(t), 



we have 



i-T rT 



{g{x, r + Sj) — g{x, r + Sj))'Wt{T)dxdTds\ 

n\{g{x,T + Si) - g{x,T + Sj))w{T)\dxds 
+ / / \{g{x,s + Si) - g{x,s + Sj))w{s)\dxds 



/o Jn 

+ \{gt{x,T + Si) - gt{x,T + Sj))w{T)\dxdTds. 

Jo Js Jn 

Then by Provosition 15.81 we obtain that for any T > 0, 

{g{x, T + Si) — g{x, T + Sj))wt{T)dxdTds\ 

^ 2TM\\w{T)\\L2^n) + 2M [ \\wis)\\L2^n)ds 

Jo 

+ T / \{gt{x,s + Si) - gt{x,s + Sj))w{s)\dxds 



r r 

Jo Js Jn 



2TM\\wiT)\\L2^n) + '2MT^2 jjw{s)\^dxds 

+ T / \{gt{x,s + Si) - gt{x,s + Sj))w{s)\dxds. 
Jo Jn 



Proposition 5.9. Let Si eR {i = 1,2,- ■■), g e L°°(M; n W^'^^iR; L'"{n)){r > 

f ); {un{t)\ t ^ 0, n = 1, 2, • • • } is bounded in Hq{^}), and for any Ti > 0, {um {t)\ n = 
1,2, • • • } is bounded in L°°(0, Ti;L'^{Q)). Then for any T > 0, there exist subsequences 
{unJtLi of{un}'^=i and{snj^=i of {sn}n=i such that 

hm Hm / / / {g{x,T + SnJ - g{x,T + Sni)){Uni^ - Uni)t{T)dxdTds = 0. 
fc^ooZ^ooJo Js Jn 

Proof. Since {un{t)\ t ^ 0, n = 1, 2, • • • } is bounded in Hq{Q) and for any Ti > 0, 
{unt{t)\ n = 1, 2, • • • } is bounded in L°°{0, Ti; L^(J7)), then for any T > 0, without loss 
of generahty (at most by passing subsequence), we assume 

Un{T) uo in L^(J7) 
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and 

L^(0,T; L'=(0)) (this require r > -), 

5 

where k < 6. 

Then by use of Holder inequaUty and Proposition 15.81 we obtain that 
hm Um / / / {g{x, t + Sn) - g{x, r + - Um)t{T)dxdTds 

^ hm lim 2MT ( / \uniT) - Um{T)\'^ dx 



+ hm hm 2MT^ ( [ I \un{s) - Umis)\'^dxds 

n— >oom— >oo ' ' ' 



Jn 



+ hm hm / / \{gt{x, s + Sn) - gt{x, s + Sm)){un{s) - Um{s))\dxds 
hm hm T / / \{gt{x, s + Sn) - gt{x, s + Sjn)){un{s) - Ujn{s))\dxds 



n— >oo m— >oo 



Jn 



rp 1 rp i 

^ hm hm Tl / \gt{x, s + Sn) - gtix, S + ] i / / l'u.n(s) - 'Um(s)|'' ) 



0. 



5.3.2 A Priori estimates 

The main purpose of this part is to estabhsh H5.19() - H5.21() . which wih be used to obtain 
the asymptotic compactness. 

For any {uq, Vq) £ Bq, let (nj(t), Ujj (t)) be the corresponding solution to crj with respect 
to initial data {uq, Vq), i = 1,2, that is, {ui{t), Ui^{t)) is the solution of the following 
equation 

'' utt + h{ut) - Au + /(n(t)) = ai{x,t), 

u\dn = 0, (5.12) 
[{u{0),utm = {ul,vi). 
For convenience, we denote 

gi{t) = ai{x,t), hi{t) = h{ui^{t)) t^O, i = l,2 

and 

W{t) = Ul{t) - U2{t). 
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Then w{t) satisfies 



Set 



wtt + hi{t) - h2{t) -^w + f{ui{t)) - f{u2{t)) = gi{t) - g2{t), 
w\on = 0, (5.13) 



Step 1. Multiplying H5.13() by wt{t), and integrating over [s, T] x il, we obtain 

E^(T)+ f f (hiir) - h2{T))wt{T)dxdT + r f if{uiiT))-f{u2{T)))wt{T)dxdT 

Js Jq J s Jn 



f-T 




(51 (t) - g2{T))wt{T)dxdT + E^{s), (5.14) 




n 

where ^ s ^ T. Then 

(/ii(r) - h2{T))wt{T)dxdT ^ Ey,{s) + / (51 (r) - g2{T))wt{T)dxdT 
Q Js Jn 

T 

(.f(.Ul{T)) - f{u2{T)))wt{T)dxdT. 

n 

Combining with Lemma 15. 51 we get that, for any 5 > 0, 
/ / \'Wt{T)\'^dxdT ^ \T - s\5 ■ mes{Q) + CsEu,{s) + Cs {gi - g2)wtdxdT 

J s J J s J 

-Cs r [ ifiuiir)) - f{u2{T)))wtxdT. (5.15) 
J s Jn 

Step 2. Multiplying (|5.13|) by w(t) and integrating over [0, T] x 17, we get that 

/ I |Vw(s)p(ixds+ I wt{T)-w{T)dx 
Jq Jn Jn 

rT r rT 
|2 




|t(;f(s)| dxds — / / [hi — h2)wdxds + I wt{0) ■ w{0)dx 
Jn Jo Jn Jn 

n{f{ui{s)) - f{u2{s)))wdxds + {gi - g2)wdxds. (5.16) 

_! Jo Jn 

Therefore, from 1)5. 15|) and ()5.16|) . we have 

2/ E^{s)ds ^25Tmes{n) + 2CsE^{0) + 2Cs [ [ {gi - g2)wtdxds 
Jo Jo Jn 

-2Cs [ [ ifiuiis))- f{u2{s)))wtdxds- [ wt{T)w{T)+ [ Wt{0)wi0) 
Jo Jn Jn Jn 

- I [{hi- h2)w - [ [ (fimis)) - f{u2{s)))w + f f {gi- g2)w. 
Jo Jn Jo Jn Jo Jn 
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Integrating H5.14() over [0, T] with respect to s, we have that 

TE^{T) + [ [ [ (/ii(r) - h2iT))wtiT)dxdTds 
Jo Js Jn 

/ i {f{ui{T)) - f{u2{T)))wtdxdTds 
Js Jn 



+ 



/ {gi — g2)wtdxdTds + / Eii;{s)ds 
Jn Jo 



10 Js 

^ - / / / {f{ui{T))-f{u2{T)))wtdxdTds+ / / / {gi - g2)wtdxdTds 
Jo Js Jq Jo Js Jn 

+ 6Tmes{n) + CsE^{0) + Cs [ [ [ {gi - g2)wtdxds 

Jo Js Jn 



1 f 1 



C5 r I U{u^{s)) - f{u2{s)))wtdxds - ^- / wt{T)w{T) + ^ I wMwi^)) 
Jo Jn ^ Jn ^ Jn 

1 /-^ r. . . \ { , „ \ '-^ 



(h,- h2)w - - / / (/(ni(.)) - f{u2{s)))w + - / (51 - g2)w. 
^ Jo Jn ^ Jo Jn ^ Jo Jn 

Step 3. We need to deal with So^ihi — h2)w. Multiplying (|5.12j) by Ui^{t) we obtain 

i (l"»tl^ + l^^il^) + / h{ui^)ui^ + [ f{ui)ui,= [ gm,, 
^ "I Jn Jn Jn Jn 

which, combining with the existence of bounded uniformly absorbing set, implies that 

[ [ h{ui^)ui^ ^ Mt, 
Jo Jn 

where the constant Mj- depends on T (which is different from the autonomous cases) and 
the bounds of Bq. Then, noticing (|5.1U|) . we obtain that 

/ / \h{ui,)f^dxds^MT. (5.17) 
Jo Jn 

Therefore, using Holder inequality, from (|5.17j) we have 

p ^ 1 



„+i \ p+i / r 
- — ' ' ' ' ■ 'p+i ' 



^ f hM ^ ( / / IM^JI^I ( / / 1^^ 

Jn \Jo Jn J \Jo Jn 

1 



Jn 



which implies that 



T 



T 

Jn \Jo Jn 



{hi - h2)w\ ^ 2M^+' / / |u;|P+i ) . (5.18) 



1 



Remark 5.10. To some extent, ()5.18|) requires that the growth order of h is strictly 
less than 5. 
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Set 



cT f-T 

(/(ui(r)) - f{u2{T)))wtdxdTds 



J s Jn 

+ {1 + Cs) / / {gi - g2)wtdxdTds 
Jo Js Jn 

-Cs [ [ {f{ui{s))-f{u2is)))wtdxds-}- I [ {hi - h2)wdxds 
Jo Jn ^ JO Jn 

I F r . . 1 '■^ 



{f{ui{s))-f{u2{s)))wdxds + - {gi - g2)wdxds, (5.19) 
2 Jo Jn 

Cm = 5Tmes{n) + CsE^{0) -]- f wt{T)w{T)d +]- f wt{Q)w{{))dx. (5.20) 

2 Jo ^ Jn 



Then we have 



Cm 1 

Eyj^— + j,(t)5,T{{ul,vl),{ul,vl)]ai,a2). (5.21) 



5.3.3 Uniform asymptotic compactness 
Proof of Theorem 15.41 

Since the family of processes {C/(j(t, t)}, cj G S has a bounded uniformly absorbing set, 
for any fixed e > 0, we can choose first 5 ^ 2mes{n) ■> then let T so large that 

Cm , 

Hence, thanks to Theorem 14.21 we only need to verify that 4's,t{'j 'i "i ■) £ ^{Bq, S) 
for each fixed T. 

At first, we can observe from the proof procedure of Theorem 15.31 that for any fixed 
T, we have 

IJ IJ U^it, 0)Bo is bounded in Eq, (5.22) 

o-eSte[o,T] 

and the bound depends on T. 

At the same time, since mesiR(A) = 0, without loss of generality, we assume T ^ A (or 
else, taking Ti ^ A satisfies Ti > T and replacing T by Ti). 

Let {umUnJ be the solutions corresponding to initial data {uq,Vq) £ Bq with respect 
to symbol (T„ E S, n = 1, 2, • • • . Then, from (|5.22j) . without loss of generality (at most by 
passing subsequence), we assume that 

Un^u ★-weakly in L°°(0,r; L^(n)), (5.23) 
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Un^u in LP+H0,r; L^+H^)), (5-24) 
Unt -^ut * -weakly in L°°(0, T; ^^(1^)), (5.25) 



in L^{0,T; L^{n)) (5.26) 

and 

n„(0) ^ n(0) and n„(T) ^ u(T) in L'^(O), (5.27) 

where we use the compact embeddings Hq ^ and //q ^ L^+^ (since p < 5). 
Now, we will deal with each term corresponding to that in ()5.19() one by one. 
Firstly, from (|5.18|1 we have 
rT [■ 

{h{Unt{s))-h{Umt{s))){Un{s) - Um{s))dxds\ 



Jn 



T 



irp 

' /o Jn 



1 

p+1 



where Mt depends on T and the norm of Bq in Hq x L^. Therefore, from ()5.24() we can 
get ^ 

lim lim / I {h{unt{s)) - h{umt{s))){un{s) - Um{s))dxds = Q. (5.28) 

Secondly, from Provosition \bJ\ and (|5.27p . by the similar method used in the proof of 
Provosition 15.81 we can obtain that 

lim lim / {gn{x, s) - grn{x, s)){unt{s) - Umt{s))dxds = 0, (5.29) 

n~*oom^oojQ 

and from Provosition 15.91 we can get that 

lim lim / / {gn{x, t) - gm{x, T)){unt{T) - Umt{r))dxdTds = 0. (5.30) 

n-.oo m->oo _/o 

At the same time, from the growth condition (|1.7|) and (|5.26l) . we can get easily that 
lim lim / {f{un{s)) - f{um{s))){un{s) - Um{s))dxds = 0. (5.31) 



n— >oo m^oo 



Jn 
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Finally, since 

{s))if{Unis)) - f {Umis)))dxds 

Jn 

/ UnJiUnis)) + / UraJ{Um{s)) 

Jo. Jo Jn 

/ UnJ{Um{s)) - / / Umtf{Un{s)) 

Jo. Jo Jn 

F{un{T)) - [ F(n„(0)) + [ F{urn{T)) - [ F(n„(0)) 
n Jn Jn Jn 

/ Untf{Um{s)) - / UmtfiUnis)), 

Jn Jo Jn 

then, by use of ()5.23|) . ()5.25|) . ()5.27() and ()1.7|) . taking first m — > oo, then n ^ oo, we 
obtain that 

lim lim / {unt{s) - Umt{s)){f{un{s)) - f{um{s)))dxds 



n^oo m— >oo 



Similarly, we have 



Jn 

FiuiT)) - [ Fium + [ FiuiT)) - I F{um 
n Jn Jn Jn 

[ utfiuis)) - [ [ utf{u{s)) 
Jn Jo Jn 

0. (5.32) 



{Unt{T) - UmtiT))ifiUnir)) - f {Urair)))dxdT 

s Jn 

'' F{un{T)) - I F{un{s)) + I F{um{T)) - [ 
n Jn Jn Jn 

/K(r)). 

Js Jn 

At the same time, | /^(^nt (''") ~^mt (''"))(/('"«(''")) ~ f{um{T)))dxdT\ is bounded for each 
fixed T, then by Lebesgue dominated convergence theorem we have 

lim Jim / / (Untir) - Umt{T)){f{Un{T)) - f{um{T)))dxdTds 
10 Js Jn 

lim lim / (Untir) - Unt{T)){f{Un{T)) - f{Urn{T)))dxdT] ds 

10 \n^oom^oo J 

rT 

Ods = 0. (5.33) 



Hence, combining H5.28() - H5.33|) . we get that 4>s,t{-, •]•, •) £ ^{Bq, S), and then this 
completes the proof of Theorem 15.41 ■ 



n— »oo m-^oo 
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Remark 5.11. If go G L°°(M; L'^ (n)) n Ll{R; L'^{Vl)) (e.g., go G L°°(M; L^{n)) and 
is a time periodic, quasi-periodic or almost periodic function in L^^^(]R; L'^{0,))), then we 
can obtain (|5.28() and ()5.29|) directly from the definition of L'^{R; L'^{Q)). That is, we do 
not need all of the preliminaries from Provosition \5. 61 to Provosition \5.!A and Theorem \5.4\ 
on uniform asymptotic compactness still holds. 

5.4 Existence of uniform attractor 

Theorem 5.12. Let U be a bounded domain in with smooth boundary, and h and f 
satisfy (d-dllHI). If go G ^2(17)) n VF^^' "(M; andT. is defined by then 

the family of processes {Ua{t,T)} , cr G S corresponding to (jS-lf) or has a compactly 

uniform (w.r.t. o" G S j attractor s^y. ■ 

Proof. From Theorem 15 . 31 and T/ieorem 15.41 we know that the conditions Theorem 
13.41 are ah satisfied. ■ 

Remark 5.13. // go G L°°(M; L'^{Q)) and go is a time periodic, quasi-periodic or 
almost periodic function in L^^^(M; Lp'iVl)), then the family of processes {C/o-(t,r)}, o" G S 
corresponding to (15.1(1 or has a compactly uniform (w.r.t. o" G S j attractor s^y. ■ 

5.5 Structure of uniform attractor 

In this subsection, we will consider the structure of a uniform attractor by applying 
Theorem 13.81 and Theorem I3.1UI 

For this purpose, we need some continuities for the processes, and then we need to 
assume some additional conditions on the external term g, since we need to know whether 
S with the *-weak topology of L°°(M; L'^{^)) n Wl''' {W; L'^{9)) is metrizable and when it 
becomes a compact metric space. 

We assume that go G W^^^ [R; L'^ {n)) , and set 

S'o = {go{x, t + /i) I /i G M} (5.34) 

and 

E' be the *-weakly closure of E'q in L^{n)). (5.35) 

Then, by the classical results (e.g., see [17|), we see that S' with the *— weak topology 
of Ty-^'°°(M; ^2(^2)) forms a sequentially compact and metrizable space. We denote the 
equivalent metric by (ii(-, •). Thus (S', di) is a compact metric space. 

In order to prove the norm-to-weak continuity later, we also need the following simple 
property. 
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Proposition 5.14. Let Un ^ u in L'^{0,T; Hq{Q)) and Ut in L^(0, T; L^(r2)). 

Then n„(t) ^ u{t) in L'^{n) for all t G [0, T]. 

This can be proved by a simple application of Proposition 7.1 and Theorem 8.1 of 
Robinson|34j. and thus we omit it here. Moreover, we have the following observation. 

Proposition 5.15. The translation semigroup {T{t)}t^Q is invariant and continuous 
in S' with respect to the * — weak topology o/ M^^' °°(IR; L^(J7)), equivalently, with respect to 
the metric di. 

Lemma 5.16. The family of processes {C/o-(i, t)}, ct G S'; X xTi' X is norm-to- 
weak continuous. 

Proof. Without loss of generality, we take r = 0. 

Multiplying ()5.12|) by ut and integrating over [0, t] x 0, then from T/teor em 15. 31 we can 
obtain that 

sup||C/,(t,0)yo||x ^ c(||yolk) VaGS',yoG^, (5.36) 

t>o 

where c(-) is a monotone increasing function on M+. 

Let yn Vo in X, an G T,' and (T„ — > fi with respect to metric di. Set (n„(t), Unt{t)) = 
U^„{t,0)yn and {u{t), ut{t)) = U^it,0)yo. 

Then from 1)5. 36(1 we know that {Ua„{t,0)yn} is bounded in L°°(0, T;X), and due to 
the growth condition ()1.7() we also have that is bounded in L°°(0, T; L^(ri)). 

At the same time, since n„(t) is the solution of (|5.12|) we can deduce that {untt} is also 
bounded in L°°(0, T; Therefore, there exist subsequence Un^ such that 

{un,{t), Un,^{t)) ^ {u{t),ut{t)) Weakly in L\0,T;X), (5.37) 

fM ^ X * -weakly in L^{0,T; L^iQ)), (5.38) 

Un,^^ ^ Mt) weakly in L\0,T; H-\n)). (5.39) 

Similar to that in Lions|2Zl) noticing that Un,,{t) is bounded in Hq(Q,), which implies that 
Unf.{t) has a subsequence (here we also denote it by Unf.{t)) convergent to u{t) almost 
everywhere on i}, we can get x = /(^(O)- Hence, u{t) is a solution corresponding to 
initial data yo with respect to symbol a. Then, by the uniqueness of solution we have that 
u = u. 
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From H5.37() and Provosition \5. l-^ we have that (t) u{t) in L'^{Q) for all t G [0, T]. 
On the other hand, from ()5.36|) we know that {un^.{t)} is bounded in Hq{Q), therefore, 
Un^.{t) u{t) in Hq{Q) for all t £ [0, T]. Hence, for all t £ [0, T], we have Un(t) u(t) in 

Similarly, from (071) . and the fact that {n^^J is bounded in L°°(0, T; H-^{Q)), 

we have that u„j(t) ^ tit(t) in L^(r2) for any t G [0, T]. ■ 

Applying Tfeeorem l3.1Ul from Theorem \b.'6V Theorem \bAV Provosition \b.b\ and Lemma 
15.161 we deduce the following result. 

Theorem 5.17. Let Q, be a bounded domain in with smooth boundary, and h and 
f satisfy (d-dllHl). If go G W^'°°{R; L^{n)) and S' is defined by (O^ . then the family 
of processes {Ua{t,T)}, a £ T,' corresponding to (|5.1j) has a compactly uniform (w.r.t. 
a G T,') attractor s^y.' ■ Moreover, 

^sj, = ^s' = U /C,(0). 
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